The Euler and Navier-Stokes equations for an incompressible fluid in two dimensions with periodic boundary conditions are considered. Concerning the Euler equation, previous works analyzed the associated (first order) Liouville operator Ä as a symmetric linear operator in a Hilbert space Ä ¾´ µ with respect to a natural invariant Gaussian measure (given by the enstrophy), with domain the subspace of cylinder smooth bounded functions and have shown that there exist self-adjoint extensions of Ä. For the Navier-Stokes equation with a suitable white noise forcing term, the associated (second order) Kolmogorov operator Ã has been considered on the same domain as the sum of the Liouville operator Ä with the Ornstein-Uhlenbeck operator É corresponding to the Stokes operator and the forcing term; existence of a ¼ semigroup of contraction in Ä ¾´ µ with generator extending the operator Ã has been proven. In this paper it is proven that both Ä and Ã are bounded by naturally associated positive Schrödinger-like operators, which are essentially self-adjoint on a dense subspace of cylinder functions. Other uniqueness results concerning Ä respectively Ã are also given.
INTRODUCTION
This paper is concerned with the equations for inviscid and viscous fluids in a two dimensional domain. First, we analyze the Euler equation in order to define a suitable mathematical setting in which, later on, we introduce a stochastic NavierStokes equation.
On the one hand, there are results on existence of global in time solutions under sommability assumptions for the initial data and its curl (cf., e.g., [Ebi] for Euler and [T] for Navier-Stokes and the references therein). Both energy and enstrophy are invariant for the classical Euler motion. On the other hand, in the framework of discussions on statistical solutions, Gibbs-type measures with formal density expressed by means of invariants of the Euler motion have been constructed in [ARdFH-K, BF, AH-K81, AH-KM, CDG, AH-K89, AC, Ci] and extended to certain non-Gaussian measures in [CC] . All these measures have been proven to be infinitesimally invariant for the Euler equation and a stochastic Navier-Stokes one, in the sense specified in the next sections and they are stationary solutions of the Hopf's equation. In the present paper we deal with the Gibbs measures defined in terms of the enstrophy. In a paper in preparation [AF1] , we shall analyze the case of Poisson-like invariant measures. In a standard way, instead of the classical motion a time evolution in the space Ä ¾´ª µ (with ª the support of ) is defined, respectively, in terms of the Liouville operator Ä associated to the Euler equation and of the Kolmogorov operator Ã associated to the stochastic Navier-Stokes equation.
In [ARdFH-K, AH-K81, BF, AH-KM, CDG, AH-K89], Ä has been analyzed as a symmetric linear operator in Ä ¾´ª µ, defined on the dense subspace ½ of smooth cylinder bounded functions. Existence of an Ä ¾ -flow has been proven in (the existence of at least one self-adjoint extension of Ä is based on the invariance of Ä with respect to a suitable conjugation).
Uniqueness was left open, as the problem of proving that the closure Ä of Ä is already the generator of a strongly continuous unitary group in Ä ¾´ª µ (cf., e.g., [Ebe, St] for general discussions of related uniqueness problems for flows in Ä Ô Banach spaces In this paper, first the essential self-adjointness of an operator Ä naturally associated with Ä and bounding it (in the sense of quadratic forms) is proven on the dense subspace ÈÓÐ Ä ¾´ª µ of cylinder polynomial functions. This result might be looked as a first step towards proving that Ä itself is essentially self-adjoint on ÈÓÐ. It is based on a rather general essential self-adjointness result on Schrödinger-like operators in Ä ¾´ª µ, which we prove in Section 3, extending and adapting methods first developed in connection with constructive quantum field theory.
For the Navier-Stokes problem, we shall prove strong uniqueness in Ä ¾´ª µ of an operator Ã naturally associated with the Kolmogorov operator Ã defined on the same dense subspace of cylinder polynomial functions in Ä ¾´ª µ and such that Ã bounds Ã. Uniqueness of the martingale problem would follow (cf., e.g., [AR, SV] ), if Ã were strongly unique. In the latter case we would then have a unique weak solution of the stochastic Navier-Stokes equation in ª for -a.e. initial data. The measure would then be invariant for this flow.
We also point out that the Galerkin approximation of Ä is strongly unique in the relevant "projected space" of Ä ¾´ª µ and that the Galerkin approximation of Ã and a suitably truncated (but infinite dimensional) version Ã AE of the Kolmogorov operator are unique in the Ä Ô´ª µ-sense, for any ½ Ô ¾ (the latter result is a consequence of methods developed in the frame of the theory of Dirichlet forms, cf. [Ebe, St] ).
We remark that both the Euler and Navier-Stokes flows are in no cases classical flows of finite energy, because the subset of ª where the energy is finite hasmeasure zero (as shown in [ARdFH-K]).
As to the structure of this paper, in Section 2 we shall present classical results on the two dimensional Euler and Navier-Stokes equations and define the mathematical setting for the Hilbert space approach of these problems. In Section 3 we shall give a result on essential self-adjointness of a Schrödinger-like infinite dimensional operator in Ä ¾´ª µ associated with Ä and Ã. The described uniqueness results for the Liouville operator Ä are presented in Section 4 and those for the Kolmogorov operator Ã in Section 5. which is a conservative system described by the following equation
EULER AND NAVIER-STOKES EQUATIONS
We first look for classical ½ -solutions. Let Ö ´ ¾ ½ µ; ½ ¼ µ getting rid of the pressure term. The following equivalent formulation of (1) is obtained
where the functions are given by
(here denotes the norm and
These functions have the basic property that ¼ (where ) and for any .
The energy and the enstrophy associated with the solution Ù of (1) 
This is in fact based on the following relations, respectively
which hold for any . In particular, they imply that the sums as in (3) and (4) vanish when we sum up over such that belong to any symmetric
We shall now look at the evolution of the Euler system from another point of view. First of all, we have to define a proper Hilbert space setting. Because of dissipation, the existence of invariant measures is guaranteed even in the presence of a random force. For instance, time white noise forcing terms with different (spatial) covariances have been considered in [Cr, AC, Fl, FlM, Fe97, Fe99, DPZ] . Following [AC], let us introduce the stochastic Navier-Stokes equation 
A THEOREM ON ESSENTIAL SELF-ADJOINTNESS OF RELATED INFINITE DIMENSIONAL SCHRÖDINGER-LIKE OPERATORS
Let us consider the linear operator 
We have achieved the proof, because À ´À ¼ · Î µ and À was proven above to be essentially self-adjoint on . Thus À is indeed an essentially selfadjoint extension of À ¼ · Î restricted to .
Remark 3. 3. In the proof, it has been shown that
Remark 3. 4. The idea of using Duhamel's formula for proving essential selfadjointness was exploited in [AKR92] in the case of infinite dimensional diffusions operators (see also references therein).
We conclude with our main result.
Proof. Take any Õ ¾. According to Lemma 3.1, ´À ¼ µ Ä Õ´ µ is nothing but the domain of the closure of´À ¼ ÀÈµ in Ä Õ´ µ. Thus, given any ¾ ´À ¼ µ Ä Õ´ µ there exists a sequence Ò Ò ÀÈ such that Ò in
where ÀÈ denotes the closure with respect to the´À ¼ ·Î µ-graph norm. Therefore the proof is achieved, on account of remark 3.3.
It then follows that the closure of´À
¼ · Î ÀÈµ in Ä ¾´ µ generates either a unitary ¼ -group Ø´À¼·Î µ Ø¾Ê in Ä ¾´ µ or a ¼ -semigroup of contractions Ø´À¼·Î µ Ø ¼ in Ä ¾´ µ.
UNIQUENESS RESULTS FOR THE LIOUVILLE OPERATOR OF THE EULER EQUATION
According to Koopman-von Neumann's theory, as soon as an invariant measure is known, the problem of constructing a time evolution can be reformulated as the problem of constructing a flow in Ä ¾´ µ, that is a solution of the following linear functional equation
with ´¼µ ¾ ´ µ Ä ¾´ µ, the (Euler-)Liouville operator formally defined as
¼ ´ µ
This is a linear operator in Ä ¾´ µ, well-defined on the space of cylinder bounded ½ -functions or cylinder polynomial functions. Aiming at applying the results of the previous Section, we shall consider ´ µ ÀÈ. is skew-symmetric, that is £ . Indeed, for ¾ ´ µ depending only on the variables with
¼ as a consequence of the identity (4).
In order to deal with a symmetric operator instead of a skew symmetric one, let Ä ½ , with ´Äµ ´ µ defined as above (From now on, we will deal with Ä and refer to it as to the Liouville operator The problem we are here concerned with is the uniqueness of self-adjoint extensions of Ä in Ä ¾´ µ, which means to ask whether Ä Ä £ (with Ä denoting the closure of Ä in Ä ¾´ µ). We shall prove that Ä is bounded by a naturally associated Schrödinger-like operator Ä in Ä ¾´ µ, the latter being essentially selfadjoint on the domain ÀÈ. This is one of the two sufficient conditions for essential self-adjointness of form bounded operators discussed, e.g., in [GJ, RS] 
UNIQUENESS RESULTS OF THE KOLMOGOROV OPERATOR OF THE STOCHASTIC NAVIER-STOKES EQUATION
The Kolmogorov equation associated to the Navier-Stokes system (6) for any ½ Ô ¾ (cf. Lemma 2.1). In the same way, strong uniqueness on ½ can be proven for the finite dimensional Kolmogorov operator corresponding to the Galerkin dynamics. But this says nothing new on the martingale problem for Galerkin. In fact, the stochastic Galerkin system is already known to have a (pathwise) unique (strong) solution (cf., e.g., [Fl] ).
